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An Atomic Decomposition of Distributions 
in Parabolic HP Spaces* 
ALBERTO P. CALDER~N 
Department of Mathematics, University of Chicago, Chicago, Illinois 
The results of R. H. Latter on atomic decomposition are extended to distribu- 
tions in parabolic HP spaces with diagonalizable dilation groups. The method 
employed uses a decomposition of the function F(x, t) = f * qr associated with 
the distribution f, which also yields real and complex interpolation results for 
these spaces. 
INTRODUCTION 
We begin reviewing some background material. Further details can be found 
in [l, 21. 
Let A, = tP, 0 < t < 00, be a group of linear transformations of Rn, where P 
is a linear transformation such that (Px, X) > (x, x), (x, y) denoting the ordinary 
inner product in R”. With such a group there is associated a metric d(x, y) = 
p(x - y) in Rn, where p(x) is the unique value of t for which ) A;‘x 1 = 1, / x 1 
denoting the ordinary length of the vector X. The function p is homogeneous in 
the sense that p(A,x) = Q(X). 
Given a function V(X) in the class Y of L. Schwartz, such that J-~(X) dx # 0, 
and a distribution f in 9”, the class of temperate distributions, we associate 
with f a function F(x, t), x E Rn, t E R+, given by 
where 
F(x, t> = (f * v&4, 
q+(x) = t-Y&%1X), y = tr P, 
and a maximal function 
MM = ,yat I F(x + Y> 41, a > 0. 
We say that f E HP, 0 < p < co, if Ma(x) EL”(R*). As is well known, (see 
[2, Theorem 1.2]), this property of M,(X) is independent of the choice of v 
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and a. We define the norm llfljH,, of an element f  in HI’ as the norm of M,(X) 
in Lp. Although 11 f lIHz, depends on the choice of p and a, any two such norms are 
equivalent. I f  0 < p < 1, then the distance function 11 f - g I& turns HP into 
a complete metric space. 
A k-atom n is a bounded function with compact support and with vanishing 
moments of all orders less than or equal to k. The p-norm of the atom 01 is 
defined as 1~ CY jIP -1 inf M 1 B jl/fl, where M is a bound for ) 011, and 1 B I is the 
measure of a ball B = {x I p(x - x,,) < r} containing the support of 01. If  
O<p<l andk>(y/p)-1, thenarEH”and/j(yII,,~c!lolll,~, wherethe 
constant c depends on k and the choice of the norm in Hp. 
We can now state the main result of this note. 
THEOREM. If P is diagonalizable in the complex domain, then given f in HP 
0 < p < 1, and an integer k, k > 0, there is a sequence aj of k-atoms belonging to 
Hpsuch thatf =~~cujin thesensethatIlf--~orj//,,~OasNjco and, 
furthermore, 
where c depends only on k and the choice of the norm in Hp. 
The proof of our theorem depends on some preliminary results which we 
discuss in Sections 1, 2, and 3 below. 
I. We begin by showing that it is sufficient to prove our theorem in the 
case when P is symmetric with respect to the ordinary inner product (x, y). 
To see this we notice that, on account of the assumption that (Px, x) > (x, x), 
the eigenvalues of P have real parts larger than or equal to 1. Furthermore, 
since P is diagonalizable, there exists an inner product (x, y) in Rn (in 
general different from the ordinary one) such that P commutes to its 
transpose with respect to (x,y). Thus P = PI + Pz where PI is symmetric 
and P, is skew-symmetric with respect to (x, y), and PI and Pz commute. But 
then the eigenvalues of PI and Pz coincide, respectively, with the real and 
imaginary parts of the eigenvalues of P, tr P = tr PI , and tP2 is a group of 
linear transformations of R” leaving the inner product (x,y> invariant and 
commuting with the linear transformations tPl, and, consequently, (F’x, tpx> = 
(tP1x, tPIx\. Furthermore, the distance d,(x, y) defined by the group tP1 and 
the inner product (X,-V) is equivalent to the distance d(x,y) in the sense that 
ccld(x, y) ,< dl(x, y) < cd(x, y). In fact, setting 1 x / = (x, x)li2, / x I1 = (x, x)1/“, 
we have 
It-p.uj <t-e/x/ if t 3 1, It-PxI >tPIxI if t< 1, 
where a > 1 (see [I, I .l]), so that if 
/ tyP’x I1 = 1 = ( t-Px 1 and c-llxl < IX/l < CIX I, c > 1, 
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then for t, < t we have 
1 = 1 tyP’x II = 1 t;Px Ii >, c-l 1 qpx 1 
= c-l ](t&-P t-PX 1 2 c-l(t,/t)p 1 t-PX 1 = c-l(t,/t)-a, 
whence it follows that t, 3 tcr”. Similarly, if t, > t, we find that c3t > t, , and, 
consequently, c-‘p(x) 6 pi(x) < cp(~). 
In view of these considerations, we see that if we select the function q so that 
it be invariant under the group tp2, we have 
and the two maximal functions associated with a tempered distribution and the 
groups tP and tP1, respectively, have equivalent norms. 
2. As we have just shown, we may henceforth assume that P is sym- 
metric. Let 0 be an open subset of Rn of finite measure. Then 0 is the union 
of parallelepipeds Qj with edges parallel to fixed directions, with disjoint 
interiors, and such that if d(Qj) denotes the distance between Qj and the com- 
plement of 0 and S(Qj) is the diameter of Qj (here and through the rest of the 
paper, distance means the one defined in terms of the function P(X)), then 
d(Qj) < c6(Qj) < c / Qj Illy, where 1 Qj / denotes the measure of Qj and the 
constants c depend only on P. 
To prove this let us take a coordinate system in R” so that if y  = Px then 
yr = X,x, , X, > 1, where yi and x1 are the coordinates of y  and X, respectively. 
In terms of these coordinates, if now y  = tPx, we have yr = tAbx, . Let Qaa be 
the parallelepiped (0 < x1 < 280Al}, where k, is chosen so large that the measure 
of QoO exceeds that of 0. Now, for j = 0, I,... we subdivide Rn into congruent 
parallelepipeds Qi, j , where Q,,j = (0 < x1 < 2 ko+$) and Krj is the integral 
part of jh, . Evidently, each parallelepiped in the jth subdivision is obtained by 
subdividing each parallelepiped in the (j - I)th subdivision into 23~~lj-~a+l 
congruent parallelepipeds. Furthermore, the diameters S(Qfj) can be estimated 
as follows: We have 
23pQ,,j = (0 < x1 < 2k+~~+jAl}, 
and since 0 < jh, - kJj < 1 and X, 3 1, we find that 
Qoo = (0 < x1 < 2k0’z} C 2ipQ,,j C (0 < x1 < 2(‘0+‘)~~} = 2’Q,, , (2.1) 
and, consequently, if Sj denotes the diameter of Qii, 
Thus 
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Now, if Q = (0 < x1 < l}, lhen Qs,, = 2kopQ and 6, = S(Q,,,J = 2"oS(Q), 
) Qoo 1 = 2kg~ 1 Q 1. Consequently, 
4, = c I Qoo Il”‘, 
where c = j Q l-l/r S(Q) depends only on P. 
On the other hand, from (2.1) it follows also that 
(2.3) 
which combined with (2.2) and (2.3) yields 
Si < 2c j Qoj 11/y = 2c [ Qij Ill". (2.4) 
Now we construct the desired covering of 0 as follows: for eachj,j = 0, 1,2,..., 
we select the Qu which are contained in 0 but not contained in a previously 
selected Qij . Evidently, these Qij have disjoint interiors and cover 0, and their 
diameters and measures are related as in (2.4). Furthermore, because each Qii 
thus selected is contained in a Qk,jPr which is not entirely contained in 0, and 
because of (2.2) we have that 
d(Qij) < Sj-1 < 46, = 4S(Q,j)- 
Thus, this covering has the desired properties and our assertion is established. 
3. Now let #(LX) be a function in 9 supported in / x 1 < 1, and with 
vanishing moments up to order k, k 3 y/p = (tr P)/p, and let q(x) be another 
function in Y whose Fourier transform + has compact support disjoint from 
the origin and has the property that (see [I]) 
I m CjytPx) $(tPx) dt/t = 1, x f  0. (3.1) 0 
Then the function 
is infinitely differentiable, has compact support, and equals 1 near the origin. 
Furthermore, as is readily verified, 
s t1 Q(t’x) $(t’x) dt/t = <(to%) - f&Px). to (3.2) 
As before, we assume that the linear transformations y  = tPx are given in 
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terms of coordinates by y1 = t%x, , A1 3 1. We take a point x of coordinates 
x = 2a1 and set 
c&x) = cp(x - x), 9(x) = I)(.% + 5). 
Given f in Y’ consider the functions 
&T t) = (f * %K4~ G(x, 4 = (f * G4, 
where T(X) is the inverse Fourier transform of 4. Evidently, if f is in HP, then 
F(x, t) and G(x, t) are bounded in t > E for every E > 0, and 
M(x) = sup 
Pb+YK3M~)+llt 
(I F(Y, 91 + I WY> 00 (3.3) 
belongs to LP. 
Now, the distribution f can be expressed in terms of F(x, t) as 
f = La 1 F(Y, 4 +4(x - y) dy dt/t, 
where the integral in t converges in the weak sense, that is, 
for every testing function 5 in 9’. This is readily seen by taking Fourier trans- 
forms and using (3.1) and theorem 4.4 in [l]. 
Furthermore, using (3.2) we find that 
s 
t1 
qy, t) I& - y) dy dtlt = G(x, to) - G(x, h). 
to 
(3.5) 
Now consider the function M(x). Evidently, this function is lower semi- 
continuous and therefore the sets 
Oj = {X / M(X) > 2j} 
are open. Consider also the subsets of R” x R+ 
Jj = ((~9 t) / 0 < 2t(p($) + 1) < d(X, O,“)}, 
where d(x, 0,“) denotes the distance between x and the complement Ojc of Oj . 
Clearly / F(x, t)l < 2i if (x, t) # (!jj . 
Let Qij be disjoint parallelepipeds with disjoint interiors such that 8, = u Qij 
and having the properties described in Section 2. Let xij(x, t) be the charac- 
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teristic function of the set defined by x E Qij , (x, t) E dj - aj+, and consider 
the functions 
&x> = j j XdY, t)F(y, t) $t(x - y) dy dt/t, E 
(3.6) 
a..(X) = lim a!“(x) 23 
C-10 %I . 
We shall show that aij(x) are R-atoms which yield the desired decomposition off. 
As we shall see below, the properties of the set defining xij(y, t) imply that 
for given x 
(a> xij(3?, t) $dx - Y) = 0 f or all t and y if the distance between x and 
the center of Qij exceeds a fixed multiple of the diameter S(Qgj) of Qij , 
(b) if x does not satisfy the preceding condition then there exist intervals 
(0, bo), (a, 9 4>,-v h > Oo),O<b,<a,<b,< .“<a,,l<N,<2n+2, 
such that al+, < 32n+3b, ; and 
(9 Xij(Y, t) 44X - Y) = $4(X - Y> ifa,<t<b,,l<Z<N-I, 
(ii) Xii(Y* t> V&(x - Y) = 0 ift >aN, 
(iii) either xij(y, t) Z&X - y) = 0 for all t in the interval (0, b,), or else 
xij(y, t&(x - y) = &(x - y) for all such t. 
Assuming this for the moment, we shall show that &x) and aij(x) are R-atoms 
and estimate their norms. 
First, let us observe that, on account of (a) and the properties of the Qij (see 
Section 2) the supports of the c#x), and aij(x) are contained in a ball Bij such 
that / Bij j < c j Qij /, where c is a constant. 
Next, notice that (i) in (b) above and (3.5) imply that 
ss 6” XU(Y, 9 W, t) $t(x - Y> dy dtlt = G(x, 4 - G(x, b), (3.7) 
providedthatu,<~<b<b~,l ,<Z<N-I. 
Now, if xii(y, t) = 1, then (y, t) # Jj+r , and, consequently, d(y, Oi+,,) < 
2t(@) + 1). Th us, if xij(y, t) = 1, p(x - y + tP%) < t, and x0 is the point in 
@‘RI closest to x, we have 
p(x - y) < t + ;(tpq = t(1 + P(q), 
d(x, O;+;l> < W(.r) + I), 
p(x - x0) < 3t(@) + 1). 
607143-3 
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In view of the definition of M(x), this implies that 
I G(x, t)l G M(xo) G 2”+‘, 
which in conjunction with (3.7) yields 
provided that a, < a < b < br , 1 < 1 < N - 1. On account of (iii) in @) the 
same argument shows that this is also valid for 0 < a < b < 6, . 
To estimate the corresponding integrals over the intervals (b$, uj+J we 
observe that if xrj(y, t) = 1 then (y, t) $ s”,+i and therefore 1 F(y, t)[ < 2j+r. 
Thus, because 
is a constant, i.e., it does not depend on x or t, and because aj+l < 32n+2bj, 
we have 
6j+1 
is f xidy, t>F(y> t> J;t<x - Y> dr dt/t b 
< 2j+l t’+’ dtjt j ) &(x - y)] dy < c21+1 
for bj < b < CZ~+~ . Since the integrand in (3.6) vanishes for t > a,,,, from (3.8) 
and (3.9) it follows that 
1 c&x)I < c2j, (3.10) 
where c is a constant. 
We now have estimates for the sizes of $‘(x) and their supports. The fact 
that their moments up to order k vanish follows by integration from the vanishing 
of the moments of I&X - y) as a function of x. 
As was shown above, the support of @(x) is contained in a ball of measure 
less than or equal to c 1 Q<j j. From this and (3.10) we have 
and 
= c (1 - ,-,>-I c 2gi(l 0i I - I O~+,~ I) < c (1 - 2+)-l II 1M(x)ll; 
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Now, n::)(x) converges almost everywhere as E + 0. In fact, since according to (a) 
and (b), the integrand in the integral in (3.6) either coincides withF(y, t) &(X-Y) 
or else vanishes identically for t sufficienty small, from this, (3.7), and the fact 
that G(x, t) converges almost everywhere as t ---, 0 (see [2, Theorem 1.9]), we 
infer the almost everywhere convergence of OL:;‘(X). Thus the aij(x) are well 
defined, they are k-atoms, and their norms satisfy the inequality 
C II %j IliZ G c llfll~n * (3.11) 
Consequently, since /I DLij 1~~ < C jl olij 112, , the series z aij converges in the 
metric of HP, and if g denotes its sum, we have 
Thus, if we show that g = f (and prove (a) and (b)) our theorem is established. 
Returning to the functions Q$‘(x), we observe that each of them has support 
in a ball Bii of measure less than or equal to c / Qij j, ai:’ < c2j, and a;:‘(~) -+ 
aii(.z) almost everywhere. From this it follows that 11 a:;’ - aii llHP + 0. Con- 
sequently, if gfs)(x) = C &‘(x), then 11 gee) - g IIHp ---f 0 as E + 0. 
Let now C(X) be a function in Y. Then, (see [l, Theorem 4.4]), 
(g”‘, 5) = 1 b!;‘, 1) = c 1 5(x) SW 1 &(y, t)RY, t) $,(x - y) 4Y(W) dx. 
E 
Because F(y, t) < ct-Ylp (see [l, Theorem 2.61) and C xij = 1, the expression 
on the right above is readily seen to remain finite if one replaces all functions 
there by their absolute values. Thus we may sum under the integral sign, and 
using (3.4) we obtain 
(g, 5) = !i,nol (p, 5) = cf, 5). 
Consequently, g = f, as we wished to show. 
(a) and (b) remain to be proved. Let us begin with (b) and observe that 
xij(y, t) is the product of the characteristic functions of 2n half-spaces of the 
form yK > c or yr < c, the characteristic function of &j , and the characteristic 
function of the complement of dj+r in R” x R+. Let xr(y, t) denote any one of 
these characteristic functions and suppose we can show that there exist numbers 
al and bl , 0 < b, < aL , a, < 3b, , such that 
(P) Given X, either xdy, 4 $dx - Y) = 0, or xdy, t) &(x - y) = 
qt(x - y) for all t in each of the intervals complementary to (a1 , b,), the first 
alternative holding for t > u1 for at least one of the xr(y, t). 
Then the same holds for xij(y, t) &(x - y) = l-J xI(y, t) &(x - y) in each of 
the intervals complementary to the union of the intervals (aE , b,), which is what 
was asserted in (b). Thus, we merely have to prove (P). 
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Suppose that xr(y, t) is the characteristic function of the half-space yk > c. 
As was pointed out earlier, the support of &(x - y) as a function of y is con- 
tained in 
{Y I P(X -Y + tpq < 4 = iY I d-‘(x -Y) + 2) d 11. 
But the ball p(y) f 1 is contained in the cube / yk [ < 1, k = l,..., m, so that 
the support of z,&(zc - y) is contained in the set 
{y 1 1 t-Ak(Xk - Yk) + %k 1 d 1) 
which, since zk = 21\k, coincides with 
{y 1 xk + tAk(2” - 1) < yk < xk + t”‘(2’” + 1)). 
Thus, if xk > c, we have xC(y, t) &(x - y) = r,&(x - y) for t > 0. If on the 
other hand xk < c, then 
XdY, 0 $4x - Y> = 0 
XdY, t) $4, - Y> = It& - Y) 
and, because X, > 1, al < 36, . 
for t < [(c - ~,)/(2~~ + 1)]1’Ak = b, , 
for t >, [(c - ~,)/(2~~ - l)]l’“” = a,, 
A similar result holds if xL(y, t) is the characteristic function of a half-space 
yk < c* 
Suppose now that xL(y, t) is the characteristic function of the set 
@j = {(y, t) / 0 < 2t(p(%) + 1) < d(y, a;')* 
Then, if t < d(x, Ojc)/3(p(%) + 1) = b, , because the support of I&X - y) as 
a function of y is contained in the ball p(x - y) < t@(g) + l), we have 
d(y, 0,“) >, d(x, Uj”) - p(x - y) 2 4% 0,“) - &(f) + 1) > 2t(p@) + 1) 
for every y in the support of &(x - y), and, consequently, xr(y, t) t&x - y) = 
dt@ - Y>* 
If, on the other hand, t > d(x, Ojc)/(p(%) + 1) = aL , then ’ 
d(y, 0,“) < d(x, Uj”) + p(x - y) < 4x, 0,“) + q&q + 1) B 24&q + 1) 
for every y in the support of &(x - y), and therefore xr(y, t) &x - y) = 0. 
Thus (P) is also valid in this case, and also in the case when xI(y, t) is the charac- 
teristic function of the complement of &j+, . This completes the proof of (b). 
Finally, to prove (a) we recall what was shown in Section 2 and the definition 
of xij(y, t) and observe that if xij(y, t) = 1 then 
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and 
Thus, if y is in the support of I&X - y) and xii( y, t) = 1, as was shown above 
we have 
and 
P(X - Y) G +4x) + 113 
and, consequently, xij(y, t) S&(X - y) = 0 if d(x, Qij) > &S(Q& This concludes 
the proof of (a) and of our theorem. 
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